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A FUZZY RTLATION APPROACH TO SINGLE LINKAGE
MA.I.,IAN A. DJAUHARI *
Abstract .  S)ng)e l inkage is  equivaJent  to sub-dominant
u l t r ame t r i c .  l Tany  a lgo r i t hns  a re  ava i l ab )e  f o r  cons t ruc t i ng
these two objects.  But  a l l  o f  then,  except  one which uras
proposed by Gondran, are very tedious because of the lack of
a )geb ra i c  s t ruc tu re .  Gond ran  used  a  spec ia l  a l geb ra i c  sys tem
a s  t h e o r e t i c a l  b a s e s .  B u t  i t  s e e m s  r a t h e r  a r t i f i c i a l .  I n  t h i s
paper, we propose a more formal al:Droach based on fuzzy
re lat ion.  The nain resul t  presented here is  the equivalence
between sub-doninant  u l t rametr ic  and the min-max t ransi t ive
c losu re  o f  a  symmet r i c  and  an t i  r e " l ex i ve  f uzzy  re la t i on ,  Th j s
property  enables us to construct  211 easy and ef f ic ient
a )go r i t hm.  A t  t he  end  o f  t h i s  pape . : '  we  w i l l  f  i nd  i t s
re la t i onsh ip  w i t h  Cand ran '  s  app roa t :h .
Keywords.  Sing)e ) inkage,  sub-dominant  u l t rametr ic  and
Gondran'  s  a)gebraic  systen.
1 .  I n t roduc t i on .  I ndexed  h ie ra rch i ca l  c l us te rs  ( IHC)  on  a
s e t  I ,  w i t h  c a r d ( I )  =  n  a n d  a  d i s s i m i l a r i t y  d  o n  I ,  i s
constructed based on the fact  that  there is  a one to one
correspondence between the set  of  a l l  IHCs on I  and the set  of
a l l  u l t r a m e t r i c s  o n  I  ( s e e  [ 5 ] ,  I 8 l ) .  S i n g l e  l i n k a g e  i s  o n e
o f  t he  mos t  popu la r  me thod  fo r  cons t ruc t i ng  an  IHC on  I  ( see
*  Depa r tmen t  o f  Ha thema t i cs ,  I ns t i t u t  Tekno log i  Bandung ,
Bandung 40732, Indonesla
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[ 1 ] ,  1 2 ) ,  [ 3 ] ,  [ 6 ] ,  t 8 l ) .  I n  t h i s  m e t h o d ,  t h e  d i s t a n c e  6
between two c lusters A and B is  cref ined bv
6  ( A , B )  =  m i n  d  ( i , j )
l  l n A
J t n B
W e  f i n d  t h e  i m p o r t a n t  r o L e  o f  s i n g l e  l i n k a g e  i n  m a n y
a p p l i c a t i o n s  s u c h  a s  i n  s t a t i s t i c s  ( e s p e c i a l l y  i n  c l u s t e r
ana lys is  and in  de tec t ing  in f luenc ia l  subsets ) ,  numer ica l
taxonomy and au tomat ic  c lass i f i ca t ion .  We know tha t  the
a lgor i thms o f  s ing le  l inkage are  ted ious  i f  n  i s  su f f i c ien t ly
l a r g e .
For tunate ly  s ing le  l inkage is  equ iva len t  to  sub-dominant
u l t ranet r i c  (see  [2 ]  )  where ,  by  de f in i t ion ,  the  sub-don inant
u l t r a m e t r i c  ( U S D )  u  o f  d  i s
u  =  S u p  i 6 1 6  u l t r a m e t r i c  =  d ) .
These facts motivate us to study the USD by means of fuzzy
re la t ion  approach.  In  Sec t ion  2  we rev iew some impor tan t
t h e o r e m s  c i t e d  i n  t 4 l .  T h e  m a i n  r e s u l t  o f  t h i s  w o r k  i s
presented  in  Sec t ion  3  and Sect ion  4 ;  here  i t  w i l l  be  shown
that  the  USD is  equ iva len t  to  the  min-max t rans i t i ve  c losure
Th is  p roper ty  enab les  us  to  cons t ruc t  an  easy  and e f f i c ien t
a lgor i thm.  A t  the  end o f  th is  paper  we w i l l  f ind  i t s
re la t ionsh ip  w i th  Gondran '  s  approach.
2 .  Trans i t i ve  c losure .  A11 symbols  and proper l ies  c t f  fuzzy
re la t ion  we use here  are  bor rowed f rom [4 ]  and t51 .
Suppose B is  a  max-min  t rans i t i ve  fuzzy  re la t ion  on  I .  In
o ther  words ,
p R  ( x , z )  =  
V  
{ U ^  ( x , y )  A  t r r .  ( y , z ) }
f o r  a l J -  x ,  y ,  r  l j  ,
M a x - m i n  t r a n s i t i v i t y  o f  a  f u z z y  r e l a t i o n  R  c a n  b e  v e r i f i e d
through the  fo l - low ing  no t ion  o f  max-min  compos i t ion  o  o f  R.
^ o 2
H = K O K l S A f u z z y  r e l a t i o n ,  w h e r e
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F  n , ( * , 2 )  =  V  { f *  ( x , y )  A  p R  ( y , z ) )
l " ' v -
f o r  a l " l  x ,  y ,  z  i n  I .
in  i4 l  we have the  fo l low ing  proper t ies  fo r  check ing  the
m a x - m i n  t r a n s i t i v i t y  o f  B .
Theorem 1 .  I f  Ro2 =  R then R is  max-min  t rans i t i ve .
Theorem 2 .  R js  max-min  t rans i t i ve  i f  and  on ly  i f  Ro2 g  R.
S i n c e  i  i s  f i n i t e ,  t h e  m a x - m i n  t r a n s i t i v e  c l o s u r e  R  o f  R  h a s
the  fo l low ing  representa t ion  :
i  =  n  v  R o 2  u  R o 3  u  . . .  u  R o k  ,
fo r  an  in teger  i . ,  r  =  t  l  r , ,  u i .u . "  Rok= R l  *  o  o  R,
k  t i m e s  m a x - m i n  c o m p o s i t i o n  o f  B .
Those theorems g ive  us  the  fo l low ing  theorem (see [4 ]  )  wh ich
is  a  s tandard  approach lo  cons t ruc t  the  max-min  t rans i t i ve
c l o s u r e .
Theorem 3. Suppose I  is a fuzzy relat ion on I .  Let
*
I  ( x , y ) =  V  1 ( c ) , w h e r e
c  d i (
a ) .  (  =  { c l c  =  ( x  =  x r ,  X i ,  * ,  =  y ) }  i s  a  c h a i n
1 2 r
f rom x  to  y l
b ) .  l ( c )  =  p ^ ( x .  , x .  ) ^  p _ ( x .  ,  x .  ) ^  ^  p _ ( x  ,  x  ) .' R  i l '  , ,  ' l  t 2 '  r .  ' !  l " _ 1  - i r '
T h e n  p l ( x , y )  =  1 *  ( * , y )  ,  f o r  a t l  x  a n d  y  i n  I .' R
I . ,  p . . " i i " . ,  t h i s  t h e o r e m  i s  s t i I I  d i f f i c u t t  t o  b e
1 9
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imp lemented.  An eas ie r  way ,  fo r  wh ich  !  i s  a  d iss imiJ .a r i t y ,
w i l l  be  shown in  the  nex t  sec t ion .
L ike  the  max-min  t rans i t i v .  c rosr re  i ,  the  min-max t rans i t i ve
v
c losure  I  o f  B  has  the  fo l low ing  representa t ion .
R _
*2  *3
R n R  n R  ^
*k
n R
for  an in teger
k t imes min-max
k, 1 = k s n, wher" R*k = R )r  R *
c o m p o s i t i o n * o f * ] " o
{  p n ( x , y )  V  F " ( y , z ) }
t R
F * a
T
The
R .
( x , z )  =  A
v
foJ. Iowing theorem enables us to  work  e i ther  w i th wi  thfr. o.
^ ; v ^
R = F a n d R = R .
Theorem 4. R = t l  = KR and
Corol lary.  By De Morgan's rule, we have
3. Eguivalence between usD and min-nax transitive closure.
suppose D is  a  d iss in i la r i t y  mat r ix  assoc ia ted  w i th
d i s s i . n i l a r i t y  i n d e x  d  o n  I .  I t  m e a n s  t h a t  t h e  ( i , j ) t n  e l e m e n t
o f  D  i s  d ( i , j ) ,  w h e r e  i  a n d  j  i n  L  S u p p o s e  a l s o  t h a t  U  i s  a n
u l t r a m e t r i c  m a t r i x  o n  I .  T h e n  t h e  ( i , j ) t t  e l e m e n t  o f  U  i s
u ( i , j ) ,  w h e r e  u . i s  a n  u l t r a m e t r i c  o n  I .  F r o m  f u z z y  r e l a t i o n , spoint of  v iew, we know that
( i )  D  is  a  symmet r ic  and an t i - re f lex ive  fuzzy  re ra t ion ,
where
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o ( x , y )  =  d ( x , y )  f o r  a l l  x  a n d  y  i n  I .( i i )  u is a syrnrnetr ic,  ant i -ref lexive and min-nax transi t ivefuzzy relat ion. I t  neans t trat
I tu(x 'z)  = l  ru"(x,v)  Y t tu(y,z) |
f o r  a l l  x ,  y  a n d  z  i n  I ,  w h e r e  p u ( x , y )  =  U ( x , y ) .
In the next paragraph, we propose_ two propositions that enable;:':".::li.'l; yi?"T::*"'liii' 
-rn.". 
l"o';;;;;;ltio,," 
.."-tiJ
Proposit ion 1. f f  B is a dissini)ar i ty on
a n i n t e g e r k ; 1 s k s n .
Proof.
- t b
= R ^ f o r
From Theoren 4 we know Hence,
V
f ,  then E
that fl =
l=( ! r1""r1"" ,
= (B ^ Ro2 n Ro3n
w" r..,1* ti"t
for an integer k;
De Morgan 's  ru le .
. , . ,  I"* )
n l " k )uy
1sksn .
p-(x ,  y)
o 2
R
= nax {p( a ,  b )  l
= c - m a x
z
where a.
o r ( " , b ) )  -  p  o z ( x , y )
I
{m in  {p {x , z ) ,  p f , z , y ) l }
=  max  {p  ^ (a ,b ) }
( a ,  b )  R o "
=  F " ( x ,  x )
=  c  -  m a x  { c  -  n a x  { c  -  F ( 5 , 2 ) ,  a  _  p ( 6 , V ) } }
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=  c f ,  -  m a x  { c (  -  m a x  { p ( I , z ) ,  p Q _ , y ) ) )
Z R T
=  m i n  { n a x  {  p ( x ,  z )  ,  t t ( z , y ) ' l )
z R R
'  P - *z (x '  Y )
I
*2
Hence R"2= F
fm
I n  g e n e r a l  w e  h a v e  R " '  =  F  i  f r  =  1 ,  2 , ,  k .  H e n c e ,
V
n = fr , . ' ,  F*t  ^  . . .  . ,  R**
f o r a n i n t e g e r k ; 1 s k s n .
Now we show that the r ight hand side equals F*k.
B y  d e f i n i t i o n ,
A
U _ . ,  ( * , = )  = ' v  { l t _  ( x , y )  V  t r r _  ( y , z ) ) ,
t I t
fo r  a l l  x ,  y  and z  in  I .  Espec ia l l y  i f  y  =  z ,  then
p  
- ^  ( x , z )  =  1 1  ( x , z )  v  p  ( z , z )' i"
a !
B u t  p  ( z , z )  =  O ,  b e c a u s e  F  i s  .  d i s s i m i l a r i t y .  H e n c e ,
I t _ * ,  ( x , z )  = ' l t _  ( x , z )
IT
for aII x and z in I or B-'= l .
In  generar  we have R*ks . . .  .  R*3 s  R*2s n.
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Y - r*r.
I t  imp l i es  t ha t  R  =  R  ^  and  the  p roo f  i s  comp le te .
V
Coro l l a ry .  R  =  B .u  =  B  o r  F ,  ( x , y )  =  p_  ( x , y )
i l
f o r  a l l  x  a n d  y  i n  I .
The second proposit ion wi l I  show us how to construct easi ly
the  USD or  to  rea l i ze  eas i l y  the  s ing le  l inkage.
Propos i t ion  2 .  I f  f r  - , "  r  d jss imi  la r i t y  on  I ,  then F  is  the
ItSD of I
Proof.
Theorem 3 tel ls us that
t r _  ( x , y )  =  F ^  ( x , y )  =  m a x  I ( c )
V  R  c  d i  6
t -
w h e r e  c  =  ( x  =  x . ,  x .  x .  =  y )  i s  a  c h a i n  f r o n  x  t o  y .t r  ' z  ' "
I f  a .  =  p - ( x , x )  f o r  a l l  x  i n  I ,  t h e n
. R
p -  ( x , y )  ]  r . *  { m i n  { F "  ( x ,  ,  X r  ) } }
V c k - k k + 1
!
=  m a x  { m i n  { p _  ( x  ,  x ,  ) ,  , l ! _  ( x  ,  x .  ) } }' R  t  t  - ' R  I  I
1 Z - r - 1 r
= nax {cr -max {a-F{xr ,xr ) ,  ,  c - r r {xr  ,  x , ) } }
c  4  t  2  -  r - 1  r
:
I
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=  m a x  { c r - m a x  { p ( x , x  ) ,  ,  r r ( x  ,  ; .  I  i l' -  I  i  -  i  i
c  R  7  2  R  r - 1  r
=  & - m i n  { a - { a - m a x  { p ( x .  , x .  ) ,  ,  p ( x .  x  )  } } }
- l  I  - t  i
c  R  |  2  R  r - 1  r
=  c - m i n  { m a x  { u ( x  , x  ) } }' -  t  I
c  k  R  k  k + l
This  equa l i t y  shows tha t
t t . .  ( x , y )  =  m i n  { m a x  { p  ( x .  ,  x .  ) } }' v  i  t
a " k R k k + l
V
Now we wiI I  show that R is the USD of R.
( i ) .  I t  i s  c l e a r  t h a t  p . .  ( x , y )  .  p  ( x , y )  f o r  a l l  x  a n d  y
R l
V
i n  I ,  s i nce  I  =  B - *  =  B  ( see  Coro l l a r y  t o  P ropos i t i on  1 ) .
( i i ) .  I f  s = ( v = x , x  x  = y ) i s a c h a i n f r o m xt 1 -  ' ,  t "
t o  y ,  w e  n o t e  t h a t  L ( c )  =  m a x  { p  ( x .  ,  x .  ) i .
- l t
k R k k + l
Suppose c -  i s  a  cha in  f rom x  to  y  and c_  is  a  cha in  f rom y  to
7 ' 2
z ,  s u c h  t h a t  p v  ( x ,  y )  =  L  ( c ,  )  a n d  p u  ( y , z )  =  L  ( c r )  .
R R
Suppose also that c.  is a chain from x Lo z, constructed from
c and c such that7 2
L ( c  )  =  m a x  { L ( c  ) ,  L ( c  )  }3 1 2
I n  t h i s  c a s e ,
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Then we have
L ( c . )  =  m a x  { p u  ( r , y ) ,  p v  ( y , z ) }
R R
25
p . ,  ( x , z )  =  m i n  L ( c )  =  L ( c  ) .
I  c  d i (  3
H -
=  max  {pu  ( x , y ) ,  uu (V , z ) )
I t  i m p l i e s  t h a t  R  i s  a n  u l t r a m e t r i c  o n  I .
( i i i ) .  Suppose U is  the  USD o f  B .  Now we show tha t  u  =  X .
C o n s i d e r  a  c h a i n  c ,  =  ( x  =  X t  , X t  ,  . . , X ,  =  y )  f r o m  *  t o l
r  
' z  ' .
w h e r e  U y  ( x , y )  =  L ( c r ) .  T h e n ,
!
a ) .  l r u  ( x , y )  =  m a x  { p u  ( x , z ) ,  p ,  ( y , z ) }  f o r  a l l  x ,  y  a n d  z  i n
I ,  b e c a u s e  U  i s  a n  u l t r a m e t r i c .  E s p e c i a l l y ,
F u  ( x , y )  =  m a x  { F ,  ( x ,  x ,  ) ,  F , ,  ( x ,  ; y ) }
' k " ' k
f o r  a ] l  k  =  1 ,  Z ,  r .  H e n c e ,
F u  ( x , y )  -  n a x  { p u  ( x ,  * ,  ) ,  & , ,  ( * ,  ; y ) i
' 2 " ' z
S  n a x  { l u ( x , * r _ ) ,  m a x  { F u ( x , _ , x ,  ) ,  F u  ( * ,  , v ) i }
2  - 2  - 3  3
s  m a x  { u u ( * , * r ^ ) ,  F u ( * r ^ , * ,  ) ,  p u (  x i , y ) }
2 2 - 3 " - 3
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In general  we have
F u ( x , y )  =  m a x  { t s u ( * r , " ,  ) } ,  1  =  k  =  r  -  1 .
k  k  k + 1
b) .  U  is  the  USD o f  R.  Then by  de f in i t ion ,  U c  F  or
F u  ( x , y )  s  p _  ( x , y ) ,  f o r  a l l  x  a n d  y  i n  L
I
From a )  and  b ) ,  we  have
F u  ( x , y )  =  m a x  { p _  ( x r ,  * ,  ) i ,  1 s  k  s  r  -  1
k R k k + 1 .
<  L  ( c  )  =  F , ,  ( x , y )  o rtu
Fu  ( x ,Y )  =  Fu  ( x , y ) .
R
V
I t  has been shown that R is an ul trametr ic and U is the USD
o f  E .  H e n c e  t h e  i n e q u a l i t y  F ,  ( x , y )  s  p u  ( x , y )  g i v e s  u s
vi
f . r u  ( x , y )  =  p u  ( x , y )  o r  U  =  I  I t  i m p l i e s  t h a t  R  i s  t n e  U S n
a
"a I  
and the proof  is  complete.
4. Conclusion. Proposit ion 2 shows us how to construct easily
t he  s i ng le  l i nkage .  I t s  s imp le  a lgo r i t hm i s  g i ven  i n
P r o p o s i t i o n  1 .  I n  p r a c t i c e ,  i f  D  i s  a  d i s s i m i l a r i t y  m a t r i x ,
t hen  the  s ing le  l i nkage  on  D  can  bq  eas i l y  f ound  by
cons t ruc t i ng  t he  sequence  D" ,  D* ,  Do ,  e t c ,  whe re  na t r i x
mu l t i p l i ca t i on  i s  de f i ned  as  usua l  bu t  t he  sun  and  the  p roduc t
of  two reaL numbers a and b are def ined by
a  +  b  =  m i n  { a , b }  a n d  a . b  =  m a x  { a , b } .
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^  ( k+1  )  ^ k  ^k
I f  D "  =  D"  f o r  an  i n tege r  k ,  t hen  Dz  i s  t he  resu l t
f o r  s i ng l -e  l i nkage  on  D .
5 .  Re la t i onsh ip  w i t h  Gondran ' s  app roach .  Cons ide r  t he
a lgeb ra i c  sys te r ,  (R* ,  * ,  )  whe re
a  +  b  =  m i n  { a , b }  a n d  a . b  =  m a x  { a , b }
f o r  a l l  a  a n d  b  i n  R - .  i f  I  i s  t h e  s e t  o f  a l J  n x n  m a t r i c e s
+
ovel-  (R ,  +,  ) ,  the sum o and the product  *  of  two
mat r i ces  a re  de f i ned  as  usua l ,  we  know tha t  (9 ,  o ,  * )  i s  t he
G o n d r a n ' s  a l g e b r a i c  s y s t e m  ( s e e  t 3 1 ,  [ 8 ] ,  a n d  t 9 l  ) .  B y  m e a n s
o f  t he  two  p ropos i t i ons  we  f i nd  t ha t  t h i s  a lgeb ra i c  sys te rn  i s
the  sys tem o f  f uzzy  re la t i on  w i t h  t he  two  ope ra t i ons  V  and  A .
Fu r the r rno re  t he  sequence  D2 ,  D4 ,  D8 ,  e t c . ,  and  thus  the
" k  
z ( k + l  )  
" ks o l u t i o n  D -  w h e r e  D -  -  D -  f . t r  a n  i n t e g e r  k ,  i s  e q u a l
t o  t he  so lu t i on  f o r  s i ng le  l i nkage  rn  D  g i ven  by  Gondran  ( see
a g a i n  i 3 l ,  [ 8 ] ,  a n d  i 9 l ) .
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